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Silica nanofibers fabricated by tapering optical fibers have attracted considerable 
interest as an ultimate platform for high-efficiency light-matter interactions. While 
previously demonstrated applications relied exclusively on the low-loss transmission of 
only the fundamental mode, the implementation of multimode tapers that adiabatically 
transmit several modes has remained very challenging, hindering their use in various 
emerging applications in multimode nonlinear optics and quantum optics. Here, we 
report the first realization of multimode submicron tapers that permit the simultaneous 
adiabatic transmission of multiple higher-order modes including the LP02 mode, through 
introducing deep wet-etching of conventional fiber before fiber tapering. Furthermore, 
as a critical application, we demonstrate “fundamental-to-fundamental” all-fiber third-
harmonic generation with high conversion efficiencies. Our work paves the way for 
ultrahigh-efficiency multimode nonlinear and quantum optics, facilitating nonclassical 
light generation in the multimode regime, multimode soliton interactions and photonic 
quantum gates, and manipulation of the evanescent-field-induced optical trapping 
potentials of atoms and nanoparticles. 
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INTRODUCTION 
Optical micro/nano-tapers (OMNTs), which can guide light along the subwavelength-diameter 
waist [1,2], have been utilized as a versatile photonic platform in a vast range of applications. 
The significant evanescent field can be exploited to achieve near-unity-efficiency evanescent 
light coupling to other photonic systems [3–5], tight optical trapping of atoms [6–8] and 
nanoparticles [9,10] in the vicinity of the waist for their efficient interactions with the guided 
light, as well as high-sensitivity optical detection of gases and chemicals [11,12]. Various 
nonlinear and quantum optical phenomena in OMNTs have also attracted growing interest. 
OMNTs provide not only tight confinement of light within a tiny cross-section, which yields 
radically enhanced effective optical nonlinearities, but also a unique capability of simple and 
broad dispersion engineering through varying the waist thickness. These properties have 
enabled broader-than-octave-spanning supercontinuum generation [13], optical excitation of 
strongly confined coherent acoustic phonons [14], and creation of correlated photon pairs via 
spontaneous four-wave mixing [15,16]. 
While these experiments were demonstrated using the light guided in the fundamental LP01 
mode only, several emerging applications can be facilitated exclusively by utilizing the higher-
order modes (HOMs), to access substantially broad landscapes of optical dispersion for 
intermodal phase-matching of multimode nonlinear and quantum optical processes and to 
engineer the evanescent field patterns for controlling the spatial profiles of optical trapping 
potentials. For instance, harmonic generation [17–21] and parametric down-conversion [22,23] 
in OMNTs demand phase-matching between the fundamental wave in the LP01 mode and the 
harmonic in the HOM [24]. Photon-pair generation via intermodal four-wave mixing [25] and 
multimode soliton dynamics such as single-pump optical event horizon interactions [26] and 
soliton self-mode conversion [27] have also been proposed as novel phenomena involving the 
HOMs. 
All these applications require low-loss robust transmission of multiple HOMs, particularly 
the LP0m modes (m>1) having the same azimuthal dependence of the field distribution as the 
LP01 mode, in OMNTs. However, the implementation of such multimode OMNTs has remained 
very challenging. Some recent experimental demonstrations have been limited to two-mode 
OMNTs that adiabatically transmit the LP01 and the LP11 modes only, relying on the use of 
specially designed fiber with a reduced cladding [28,29] or an unconventional index 
distribution [30,31]. In this paper, we report the first realization of multimode adiabatic 
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submicron tapers (MASTs) that permit the low-loss adiabatic transmission of the LP02 mode 
together with the LP01, LP11, and LP21 modes. In contrast to the popular method of direct 
tapering of optical fiber, we employ a two-step process: deep wet-etching optical fiber to a 
carefully predetermined cladding diameter below ~20 m and tapering the etched fiber down 
to the targeted submicron waist diameter. Our fabrication method works even with commercial 
off-the-shelf telecom step-index fiber, offering excellent compatibility with standard fiber-optic 
systems. Furthermore, as an immediate and critical application of our MASTs, we demonstrate 
the first ‘fundamental-to-fundamental’ all-fiber phase-matched third-harmonic generation 
(THG) with high conversion efficiencies (>10-4). This process is the very prerequisite to 
realizing the exact reverse, the ‘fundamental-to-fundamental’ third-order parametric down-
conversion [22,23], which has recently received considerable attention as a new type of 
nonclassical light source, although this is yet to be experimentally demonstrated. 
 
RESULTS 
Multimode adiabatic submicron taper (MAST) 
Figure 1 describes the operating principle and numerical design of a silica MAST. Silica 
OMNTs can be fabricated by heating and pulling a section of unjacketed silica optical fiber 
[32], which creates a pair of transition regions connecting the taper waist and intact optical 
fiber. For the adiabatic guidance of an optical mode along the OMNT, the effective index of 
the mode should be kept sufficiently distinct from those of the other modes in the transition 
region [32]. However, an ultimate limitation in the implementation of MASTs with tapering 
conventional optical fiber is that HOMs become very close to each other in terms of effective 
index right after they are transformed into the cladding modes at the taper transition. Figure 
1(a) shows the calculated effective indices of several optical modes at 532 nm wavelength over 
a range of taper diameter in the case when a section of 125-m-thick optical fiber is tapered. 
The HE11 (LP01) mode is well isolated from all HOMs. As a result, it transmits adiabatically 
through the taper at any diameter for ordinary (i.e., not too steep) taper transitions [32]. In sharp 
contrast, the effective indices of the HOMs get very similar to each other when they are guided 
as the cladding modes near the core-mode cut-off diameter. The inset in Fig. 1(a) highlights the 
case of the three hybrid HOMs of our primary interest in this work – the EH11 and the HE31 
modes (belonging to LP21), and the HE12 (LP02) mode. The HE12 mode becomes almost 
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degenerate with both the EH11 and the HE31 modes around the taper diameter of 71.6 m. It 
should be noted that the EH11 and the HE12 modes exhibit anti-crossing, their intermodal 
beatlength markedly larger than 1 m as shown in Fig. 1(b). Furthermore, these modes closely 
approach the EH12 and the HE13 modes that are already cladding-guided in the intact (non-
tapered) fiber. The EH11 and the HE12 modes display another anti-crossing at the taper thickness 
of 11.8 m, where the core becomes so thin that its role in the light guidance becomes negligible. 
Such complicated structures of modal anti-crossing, as well as crossing, emerge for many pairs 
of hybrid HOMs, in particular for the EHl,m (belonging to LPl+1,m) and the HEl,m+1 (belonging 
to LPl–1,m+1) modes (l, m: positive integers), at specific taper diameters, which hinders their 
low-loss adiabatic transmission. 
We overcome this bottleneck by significantly reducing the initial cladding diameter before 
the tapering process. Figure 1(c) displays the calculated effective indices in the scenario when 
the cladding diameter is decreased to 17 m prior to tapering, while leaving the initial core 
parameters unchanged. The near-degeneracy among the cladding-guided HOMs is strongly 
lifted, and as a result, each mode is well separated from other modes at any taper diameter. In 
particular, the anti-crossing of the EH11 and the HE12 modes disappears, and the intermodal 
beatlength between the two modes decreases to a few millimeters or below at any taper 
diameters (Fig. 1(d)), which is sufficient for the adiabatic transmission of both modes. We 
examine the criterion on the initial cladding diameter desirable for the adiabatic transmission 
of the HOMs. The maximum intermodal beatlength between the EH11 and the HE12 mode over 
the entire range of possible taper diameter is obtained as a function of the initial cladding 
diameter, as shown in Fig. 1(e). This result indicates that the fiber cladding should be deeply 
etched below ~20 m thickness (roughly twice the core diameter) for the adiabatic transmission 
of the two modes, where the intermodal beatlength is maintained below ~10 mm during the 
entire tapering process. We note that in Fig. 1 we also consider the possibility of the coupling 
between the HE12 and the HE31 mode at their crossing points. Their coupling is forbidden in an 
idealized taper having a perfect circular symmetry in the taper cross-section owing to the 
orthogonality between the azimuthal dependences of the two modes. However, the circular 
symmetry of the taper cross-section can be easily broken in reality due to the unavoidable 
imperfection of the tapering process, such as the gas flow, fiber sagging, and flame instability. 
Then, the two modes can experience intermodal coupling at their crossing points, which would 
disturb their adiabatic transmission. Nevertheless, in the case of tapering etched fiber, it turns 
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out that the intermodal beatlength between the two modes is also significantly reduced and 
maintained at a few millimeters or below until the mode-crossing waist diameter (0.7 m) near 
their cut-off is reached, as can be seen in Fig. 1(d). 
Based on this operating principle, we fabricate silica MASTs employing a two-step process, 
as described in Fig. 2 (see Methods). We produce MASTs having a waist length of 10 mm and 
an exponentially shaped transition at both ends of the waist. The length of each taper transition 
is estimated to be ~60 mm when the waist diameter reaches 0.76 m. The transmission and the 
output far-field pattern are recorded for each input HOM during the entire tapering process, as 
summarized in Figs. 3(b)–3(d) (see Methods). Until the waist diameter reaches ~0.9 m, the 
transmission is maintained above 93% for any input HOM. The transmission gets slightly 
degraded to ~85% when the waist diameter is further reduced, which is attributed mainly to the 
fact that the taper becomes lifted and curved under the influence of butane-oxygen flow in our 
current tapering facility, which degrades the thickness uniformity of the taper waist [29,33]. 
Nevertheless, during the entire tapering process, the far-field pattern of the output beam is not 
significantly distorted. For the LP02 mode (Fig. 3(b)), in particular, the output far-field pattern 
is almost unchanged until the mode eventually becomes cut-off. On the other hand, the LP21 
and the LP11 modes are not single vector eigenmodes but combinations of {the EH11 and HE31 
modes} and {the TE01, TM01, and HE21 modes}, respectively, leading to the continuous change 
of the orientation and visibility of intensity lobes in the output field profile during the tapering 
process. 
 
High-efficiency fundamental-to-fundamental all-fiber THG in MAST 
The adiabatic transmission of the HOMs through a MAST is useful for several new applications. 
As an immediate and critical application of the MAST that is capable of robust transmission of 
the LP02 mode, we demonstrate the fundamental-to-fundamental all-fiber phase-matched THG 
with high conversion efficiencies. It has been theoretically suggested that phase-matching 
between the fundamental wave in the HE11 mode and the third harmonic (TH) in the HE12 mode 
provides the highest THG efficiencies in OMNTs [24]. In relevant previous experiments [17–
19], however, the non-adiabatic transmission of the TH signal generated in the HE12 mode has 
seriously deteriorated the THG performance, such as the conversion efficiency and TH beam 
quality. Figure 4(a) illustrates our experimental scheme of all-fiber THG, where the input pump 
beam in the LP01 mode is eventually converted into the TH in the LP01 mode. For efficient 
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THG, the phase-matching condition should be satisfied, i.e., the effective indices of the 
fundamental wave and the TH should be the same. We fabricate MASTs with a waist diameter 
of 0.76 m (Fig. 2(c)), which is theoretically predicted to yield the phase-matched THG from 
the HE11 mode at 1551 nm wavelength to the HE12 mode at 517 nm [24]. The MAST is pumped 
by optical pulses generated from a master oscillator power amplifier (MOPA) system that 
utilizes our widely tunable ultra-narrow-linewidth erbium-doped soliton fiber laser [34] as the 
oscillator. The pump beam is partly converted into the TH in the HE12 mode in the MAST, 
which is then transformed into the desired LP01 mode at a home-made all-fiber acoustic-optic 
mode converter (AOMC) [35] right after the MAST. (see Methods for more details on the THG 
experimental setup) 
Upon pumping each MAST with our wavelength-tunable MOPA system, we routinely 
observe the intermodally phase-matched THG, as summarized in Figs. 4(b)–4(f). First, the field 
profile of the LP02 mode of the output TH signal is clearly seen when the AOMC is switched 
off (Fig. 4(b)), thanks to the adiabatic transmission of the LP02 mode along the MAST. 
Furthermore, this TH in the LP02 mode can be converted into the LP01 mode with high purity 
(Figs. 4(c)–4(e)), as we turn on the AOMC. We emphasize that this not only further verifies 
the capability and benefit of adiabatic transmission of the LP02 mode of our MAST but also 
experimentally demonstrates the first-time fundamental-to-fundamental THG in the waveguide 
platform. To show that the THG is phase-matched, we measure the TH output power while 
scanning the pump wavelength. The TH power peaks when the pump wavelength is tuned to 
1550.80 nm, as shown in Fig. 4(f), which is very close to the theoretically predicted phase-
matching pump wavelength of 1550.0 nm. It is noteworthy to mention that the TH signal is 
also weakly observed over the entire pump wavelength tuning range of the MOPA system 
(1535–1563 nm). Considering the theoretically anticipated THG bandwidth to be as narrow as 
0.3 nm (Fig. 4(g)), we believe that such relatively broadband THG in experiments is due to the 
non-uniformity of MAST waist diameter. The phase-matching pump wavelength for the THG 
process is highly sensitive to the waist diameter [36], and our numerical calculation indicates 
that the variation of waist diameter of only 15 nm gives rise to the shift of phase-matching 
pump wavelength by an amount of the MOPA tuning range of 28 nm (Fig. 4(h)). Such a small 
non-uniformity of the waist diameter is attributed to the imperfection of our current tapering 
facility in the submicron thickness regime that we mentioned previously. 
For further verification of the THG, we examine the dependence of the TH power on the 
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pump power and pump polarization, as shown in Fig. 5(a). The TH power is highly dependent 
on the pump polarization. When we keep adjusting the pump polarization to maximize the TH 
signal, the measured TH powers exhibit excellent agreement with the well-known cubic 
dependence on the pump power [24]. The resulting normalized conversion efficiency is 
determined as 6.6×10-4 W-2, and the maximum conversion efficiency of 1.5×10-4 (71 W TH 
output power) is achieved at the pump power of 0.48 W. We also measure the pump power 
dependence of the TH power when the pump polarization is adjusted to suppress the THG as 
much as possible. At low pump powers, the TH power can be reduced by a factor of ~1/10, 
while also displaying a cubic dependence on the pump power. In isotropic media such as fused 
silica glass, the THG process via (3) nonlinearity becomes most efficient for a linearly 
polarized pump beam, whereas it is eliminated when the pump beam is circularly polarized 
[37]. This polarization property should also be exhibited in MASTs, where the TH signal is in 
the HE12 mode that has the same azimuthal dependence of the field distribution as the pump 
beam in the HE11 mode. The nonzero minimum TH signal observed in experiments is attributed 
to the residual birefringence in the MAST that can arise from slightly broken circular symmetry 
of the cross-section of the fabricated MAST we mentioned previously, which hinders the 
preservation of the circular polarization of the pump beam during its propagation along the 
MAST waist. On the other hand, as the pump power rises further, the THG becomes less 
polarization-sensitive, with an increase in the minimum TH conversion efficiency. The 
minimum TH conversion efficiency is locked to about half the maximum value at sufficiently 
high pump powers, as shown in Fig. 5(b). Such unusual pump polarization dependence might 
arise from the complicated nonlinear polarization dynamics in the MAST waist [38], which we 
will investigate in detail in our future study. 
Finally, we measure the optical spectrum of the TH signal, together with that of the output 
pump beam for comparison, as shown in Figs. 5(c)–5(f). At low pump powers (0.13 W), a 
narrowband TH signal is observed at 516.8 nm and increases as the pump power rises. When 
the pump power reaches 0.18 W, spectral sidebands are created on both sides at a distance of 
~1.6 THz from the main TH peak. Such spectral sidebands also appear in the output pump 
spectrum with the same spectral distance (~1.6 THz). This indicates that the sidebands are first 
created in the pump beam via self-phase-modulation (SPM)-induced modulation instability 
during propagation along the single-mode lead fiber, and then the same sidebands are generated 
in the TH signal via cross-phase-modulation-induced modulation instability [39] in the MAST 
rather than the THG of the pump beam sidebands or the SPM-induced modulation instability 
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arising from the main TH peak. We check that such spectral broadening of the pump beam 
does not appear when the MAST is replaced by intact optical fiber. When the pump power 
exceeds 0.3 W, both the pump beam and the TH signal experience significant asymmetric 
spectral broadening (Figs. 5(e) and 5(f)) that arises from nonlinear phase modulation [40]. 
 
DISCUSSION 
We have achieved THG conversion efficiencies which are higher than those reported in most 
of the previous works. A normalized conversion efficiency of 6.6×10-4 W-2 and a maximum 
conversion efficiency of 1.5×10-4 at a pump power of 0.48 W are obtained in a MAST waist as 
short as 10 mm. We expect that the THG efficiency can be further improved by increasing the 
waist length and the uniformity of the waist diameter. This waist length is currently limited by 
the taper being lifted up and curved in the tapering process under the influence of the butane-
oxygen flow, which deteriorates the thickness uniformity of the taper waist. We observe that 
wet-etched fibers are more compliant to such gas-flow-induced deformation during the tapering 
process compared to the case of direct tapering of non-etched conventional optical fibers, 
which implies that the suppression of the effect of gas flow is essential in the production of 
high-quality MASTs. We expect that the use of a heat source that does not produce such gas 
flow, e.g., a focused carbon-dioxide laser beam [41] or an electric micro-heater [42], may 
resolve the issue and thus enable the fabrication of MASTs with a longer waist and higher 
transmission. 
The unique capability of our MAST to adiabatically transmit several HOMs simultaneously, 
combined with all-fiber devices that perform the near-unity-efficiency in-fiber mode 
conversion between the LP01 mode and the HOM (at least the LP11, LP21, and LP02 modes), 
offers a variety of intriguing opportunities in the emerging field of multimode nonlinear optics 
and quantum optics. Novel multimode nonlinear optical frequency conversion [43] and 
nonclassical light generation [22,23,25], multimode photonic quantum information processing 
[44,45], and broadband spatiotemporal dynamics [46] can be investigated with high 
efficiencies in all-fiber platforms. Furthermore, manipulation of the evanescent field profiles 
can be facilitated through excitation of HOMs in the MAST waist for tailoring the optical 
trapping potentials of atoms and nanoparticles [47]. Our MAST can also be used to improve 
the performance of taper-based photonic devices. For instance, when a saturable absorber is 
deposited on the MAST waist [48], its operating power can be significantly reduced by 
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transmitting the HOM instead of the LP01 mode because of the larger evanescent field of the 
HOM. 
 
METHODS 
Fabrication and in-situ characterization of multimode adiabatic submicron tapers 
(MASTs) 
We fabricate silica MASTs employing a two-step process, as described in Fig. 2(a). A section 
of unjacketed conventional step-index silica optical fiber, single-mode fiber at telecom 
wavelength (~1550 nm) with the core diameter of 8.7 m and the numerical aperture of 0.13, 
is wet-etched using 6:1 buffered oxide etch solution to reduce the cladding diameter from 125 
m down to below ~20 m (Fig. 2(b)). Note that the LP11, LP21, and LP02 modes are the core 
modes at 532 nm wavelength (fiber V parameter: 6.7). The wet-etched fiber section is then 
tapered to a submicron thickness to produce a final MAST (Fig. 2(c)) via the flame brushing 
and pulling technique [32] using a butane-oxygen flame as a heat source. To check the adiabatic 
transmission of each optical mode during the tapering process, we monitor the transmission 
and far-field pattern simultaneously at the MAST output port, while a laser beam at 532 nm 
wavelength is coupled into each of the LP02, LP21, and LP11 modes of the MAST input port, as 
illustrated in Fig. 3(a). To this end, the 532 nm laser beam emitted from a diode-pumped solid-
state laser is launched primarily into the LP01 mode of the fiber, and the remnant HOMs are 
removed using a taper-based mode stripper [49] to obtain the pure LP01 mode. The LP01 mode 
is then converted into a target HOM using a home-made all-fiber acousto-optic mode converter 
(AOMC) [35] or a microbend-induced long-period fiber grating [50], whose conversion 
efficiencies are measured to be as high as ~96% and ~98%, respectively. The transmission and 
output far-field pattern are recorded for each input HOM using a power meter and a CMOS 
camera, respectively, during the entire tapering process. 
 
Observation of fundamental-to-fundamental all-fiber third-harmonic generation (THG) 
in silica MASTs 
Figure 4(a) illustrates our experimental scheme of fundamental-to-fundamental all-fiber THG. 
A fabricated MAST is first packaged in an acrylic box for long-term protection from 
contamination with dust and moisture as well as other environmental perturbations, which is 
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crucial for practical use of MASTs. The MAST is pumped by optical pulses generated from a 
MOPA system that utilizes our widely tunable ultra-narrow-linewidth dissipative soliton 
erbium-doped fiber laser [34] as the oscillator. The soliton fiber laser emits an 8-GHz (64-pm)-
linewidth, 110-ps-width pulse train at a repetition rate of 2.1 MHz, whose optical wavelength 
can be tuned over a wide range (1530–1563 nm). The output of the seed laser is amplified using 
a two-stage erbium-doped fiber amplifier (EDFA) consisting of a home-made pre-amplifier 
and a power amplifier. A tunable bandpass filter (TBF) having a bandwidth of 0.8 nm is 
inserted between the two amplifiers to suppress the amplified spontaneous emission noise from 
the amplifiers, where the center wavelength of the TBF is adjusted according to the laser 
wavelength. The pulse width of the MOPA output is measured to be 110 ps by using an intensity 
autocorrelator. We emphasize that the 110 ps pulse width is sufficiently broad compared to the 
theoretically predicted temporal walk-off of 16 ps between the fundamental wave in the HE11 
mode and the TH in the HE12 mode in the 10-mm-long MAST waist, allowing their temporal 
overlap to be maintained significantly over the entire MAST waist (see Supplementary Fig. 1). 
We note that due to the insufficient spectral response of our EDFA at shorter wavelengths, the 
resultant wavelength tuning range of our MOPA is slightly reduced to 1535–1563 nm. In 
addition, the maximally attainable pulse peak power for the THG experiments is 1.8 kW, which 
is mainly limited by the nonlinear spectral broadening at the power amplifier in the two-stage 
EDFA (see Supplementary Fig. 1). A fiber polarization controller is used after the EDFA to 
adjust the polarization state of the pump beam for the examination of the pump polarization 
dependence of the THG process. A 1% fiber tapping coupler is inserted right before the MAST 
to monitor the pump power. The pump beam is partly converted into the TH in the HE12 mode 
in the MAST, which is then transformed into the desired LP01 mode at a home-made all-fiber 
AOMC [35] right after the MAST. Prior to the THG experiments, we check that a nearly 
complete (~95%) acousto-optic intermodal conversion is achieved at the AOMC between the 
LP01 and the LP02 mode at ~517 nm wavelength when a sinusoidal electric signal of 23 Vp-p at 
1.404 MHz is applied to the acoustic transducer of the AOMC. The remaining pump beam is 
rejected right after the fiber output using a short-pass filter. The optical power, far-field pattern, 
and optical spectrum of the output TH signal are measured with a power meter, a CMOS 
camera, and a grating-based optical spectrum analyzer, respectively. 
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FIG. 1. Operating principle of multimode adiabatic submicron taper. (a) Calculated 
effective indices of several modes over a range of taper diameter in the case when a 125-m-
thick step-index silica fiber (core diameter: 8.7 m, numerical aperture: 0.13) is directly tapered. 
The inset is the zoomed-in plot around the black dotted box, where the vertical axis represents 
the ‘relative’ effective index from the refractive index of silica cladding (grey horizontal dashed 
lines in (a) and (c)). (b) Intermodal beatlength between the EH11 and the HE12 mode (green 
solid curve) and that between the HE31 and the HE12 mode (violet dotted curve) obtained from 
(a). (c) Calculated effective indices in the scenario when a 17-m-thick cladding-etched fiber 
is tapered. (d) Intermodal beatlength obtained from (c). (e) Maximum intermodal beatlength 
during the tapering process as a function of the initial diameter of etched cladding. All 
calculations are performed at 532 nm wavelength. 
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FIG. 2. Fabrication of multimode adiabatic submicron tapers (MASTs). (a) Fabrication 
process of a silica MAST. A section of unjacketed conventional step-index silica optical fiber 
is etched to a thickness below ~20 m. The etched cladding is then tapered to a submicron 
thickness using the flame brushing and pulling technique [32]. (b) Optical micrograph of a 
16.5-m-thick cladding-etched fiber. The white scale bar corresponds to 20 m. (c) Scanning 
electron micrograph of a 0.76-m-thick silica MAST. The white scale bar corresponds to 500 
nm. 
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FIG. 3. In-situ optical characterization of multimode adiabatic submicron tapers (MASTs) 
during the tapering process. (a) Schematic diagram of the experimental setup for the 
fabrication and in-situ transmission measurement of a silica MAST. A higher-order mode 
(HOM) at 532 nm wavelength is generated through in-fiber acousto-optic mode conversion 
from the input LP01 mode and then launched into the tapering system. The transmission and 
output far-field pattern are monitored with a power meter and a CMOS camera, respectively, 
during the tapering process. DPSSL, diode-pumped solid-state laser; AOMC, acousto-optic 
mode converter; BS, 50/50 beam splitter; NDF, neutral density filter. (b–d) Transmission and 
output far-field pattern that are recorded during the entire tapering process, when the LP02 mode 
(b), the LP21 mode (c), or the LP11 mode (d) is launched into the input port. In (c) and (d), the 
CMOS images are the far-field patterns before the tapering process starts. 
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FIG. 4. Fundamental-to-fundamental all-fiber phase-matched third-harmonic generation 
in multimode adiabatic submicron tapers (MASTs). (a) Schematic diagram of the 
experimental setup. Red and turquoise in the beam path indicate the ~1550 nm pump beam and 
the third harmonic (TH), respectively. MLFL, mode-locked fiber laser; EDFA, erbium-doped 
fiber amplifier; TBF, tunable bandpass filter; PC, polarization controller; FC, fiber coupler; 
AOMC, acousto-optic mode converter; SPF, short-pass filter. (b,c) Measured far-field patterns 
of the output TH when the AOMC is turned off (b) and switched on (c). (d,e) Gaussian fits 
(purple dashed curves) to the experimentally obtained intensity profiles (turquoise solid curves) 
from (c). (f) TH output powers measured at an average pump power of 0.14 W over a range of 
pump wavelength. (g) Theoretically predicted TH power as a function of pump wavelength 
with an assumption of uniform waist diameter (0.76 m). (h) Calculated phase-matching waist 
diameter as a function of pump wavelength. 
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FIG. 5. Pump power dependence of third-harmonic (TH) generation. (a) Measured TH 
powers over a range of average pump power, while the input pump polarization is adjusted to 
yield the maximum (green triangles) or minimum (violet triangles) TH power for each pump 
power. The green and violet lines are the cubic fits to the measured maximum and minimum 
TH powers, respectively. (b) Zoomed-in plot around the grey region in (a). The green solid 
curve is the same as the cubit fit (green line) in (a), and the green dashed curve stands for half 
of the cubit fit. (c,d) Optical spectra of the TH (c) and output pump beam (d) at relatively low 
pump powers. (e,f) Optical spectra of the TH (e) and output pump beam (f) at relatively high 
pump powers. Each color in (d) and (f) corresponds to the average pump power displayed in 
(c) and (e), respectively.
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Supplementary Note: Characteristics of the master oscillator power 
amplifier system for third-harmonic generation experiments 
In our third-harmonic generation (THG) experiments, the multimode adiabatic submicron taper 
(MAST) is pumped by optical pulses generated from a master oscillator power amplifier 
(MOPA) system that employs our widely tunable ultra-narrow-linewidth dissipative soliton 
erbium-doped fiber laser [1] as the oscillator (see Fig. 4(a) in the main text). The soliton fiber 
laser emits an 8-GHz (64-pm)-linewidth, 110-ps pulse train at 2.1 MHz repetition rate. The 
pulse width of the MOPA output is also measured to be 110 ps by using an intensity 
autocorrelator (Supplementary Fig. 1(a)). We emphasize that the 110 ps pulse width is 
sufficiently broad compared to the theoretically predicted temporal walk-off of 16 ps between 
the fundamental wave in the LP01 mode and the third harmonic (TH) in the LP02 mode in the 
10-mm-long MAST waist (Supplementary Fig. 1(b)), allowing the significant temporal overlap 
between the pump pulse and the TH signal to be maintained over the entire MAST waist. On 
the other hand, the maximum attainable pulse peak power for the THG experiment is 1.8 kW, 
which is mainly limited by the self-phase-modulation-induced spectral broadening at the power 
amplifier in the two-stage erbium-doped fiber amplifier. The resultant spectral width of the 
MOPA output increases up to 0.44 nm at such high peak powers (Supplementary Fig. 1(c)), 
which is comparable to the theoretically predicted bandwidth of 0.3 nm for the THG process 
in the 10-mm-long MAST waist (Supplementary Fig. 1(d)). 
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Supplementary Figure 1. Characteristics of the pump pulses generated from the master 
oscillator power amplifier (MOPA) system at the maximum pulse peak power (1.8 kW) 
for third-harmonic generation (THG) experiments. (a) Intensity autocorrelation trace. (b) 
Theoretically predicted temporal walk-off between the 1550 nm pump pulse and the 517 nm 
third harmonic (TH) in a multimode adiabatic submicron taper (MAST) of the waist thickness 
of 0.76 m, as a function of the waist length. (c) Optical spectrum measured with a grating-
based optical spectrum analyzer. (d) Theoretically predicted phase-matching bandwidth of 
THG as a function of the waist length. In (b) and (d), the green solid circles correspond to the 
10-mm-long waist in our THG experiments. In (a) and (b), the 110 ps pulse width is sufficiently
broader than the theoretically predicted temporal walk-off of 16 ps in our THG experiments, 
allowing the temporal overlap between the pump pulse and the TH signal to be maintained 
significantly over the entire MAST waist. In (c) and (d), the 3-dB spectral width of the MOPA 
output increases up to 0.44 nm via self-phase modulation (SPM) at such high pulse peak powers, 
which is comparable to the 3-dB phase-matching bandwidth of 0.3 nm for the THG. The 
nonlinear spectral broadening is the main limiting factor of the attainable pulse peak power for 
our THG experiments. 
